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Abstract. We show that the category of Lie triple systems is equivalent to 
the category of Z2-graded Lie algebras L = Lq ® L\ such that L\ generates L 
and the second graded cohomology group of L with coefficients in any trivial 
module is zero. As a corollary we obtain an analogous result for symmetric 
spaces and Lie groups. 



1. Preliminaries. 

In this paper we will explicate connections between the category of Lie triple 
systems and the category of Lie algebras. 

Lie triple systems appeared initially in E. Cartan's study of symmetric spaces 
and totaly geodesic spaces [B]. The role played by Lie triple systems in the theory 
of symmetric spaces is parallel to that of Lie algebras in the theory of Lie groups: 
the tangent space at every point of a symmetric space has the structure of a Lie 
triple system. Moreover, the category of real finite-dimensional Lie triple systems 
is equivalent to the category of connected simply connected symmetric spaces with 
base point [131 Theorem II. 4. 12] or, alternatively, to the category of germs of sym- 
metric spaces [U Theorem 1.2.9]. 

Other applications of Lie triple systems include representations of Jordan alge- 
bras [12] and meson algebras [11], structurable algebras and triple systems [7], and 
Harish-Chandra modules over algebraic groups in positive characteristic [9]. 

One of the main tools in the structure theory of Lie triple systems is the universal 
imbedding of a Lie triple system into a Lie algebra constructed by N. Jacobson 
in [12]. Its universal properties guarantee a functor 21 from the category of Lie 
triple systems to the category of Lie algebras. It is more natural to consider 21 as 
a functor to the category of Z 2 -graded Lie algebras. As such 21 is full, faithful, and 
constitutes a left adjoint to a natural "forgetful" functor. Our main result is the 
following description of the image of 21. 

Theorem A. The category of Lie triple systems over a field is equivalent to the 
category of Z 2 - graded Lie algebras L = Lq © L\ such that 

(i) L is generated by L\ and 

(ii) the second graded cohomology group H^{L, M) ~ for every trivial module 
M with the trivial grading M = Mq. 

This paper is organized as follows. We recall necessary definitions and construc- 
tions in Sectional 

In Section[3]we introduce a new construction of a universal enveloping Lie algebra 
2l(T) for a Lie triple system T. It is done in the spirit of pQ and [5]. Our construction 
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is more explicit than Jacobson's original construction and more convenient to work 
with. 

Section|3]is concerned with the functor 21. To describe the image of 21 we develop 
a theory parallel to that of central extensions of perfect Lie algebras. We show that 
certain central extensions of 2l(T) are always trivial. To complete the proof of 
Theorem A we give a homological interpretation of this property. 

In Section [5] we prove the following analog of Theorem A for Lie groups and 
symmetric spaces. 

Theorem B. The category of connected simply- connected symmetric spaces with 
base point is equivalent to the category of Lie groups with involution (G, a) such 
that 

(i) G is connected and simply-connected, 

(ii) G is generated by the space of symmetric elements G a , and 
(hi) the invariant second cohomology group H? nv (G,o~) = 0. 

In our considerations the base ring is denoted by k and all maps are assumed 
in to be fc-linear. Through the most of the paper k is an arbitrary commutative 
ring. However, in our main result we need to assume that k is a field to ensure the 
canonical connection between the second cohomology groups and central extensions. 

2. Lie triple systems and Lie algebras 

In this section we recall necessary definitions, constructions, and results about 
Lie triple systems and the related Lie algebras. Details can be found in [11], [8], 
and [IS]. 

2.1. Lie triple systems. A Lie triple system over a commutative ring k is a k- 
module T with a fc-trilinear map [, , ]: TxTxT^T satisfying the identities 

(1) [a,a,b]=0 

(2) [a, b, c] + [b, c, a] + [c, a, 6] = 

(3) [a, b, [c, d,e]] = [[a, b, c] ,d,e] + [c, [a, b, d],e} + [c, d, [a, b, e]] 

for any a, b, c,d,e S T. Note that the linearization of |T]) wields 

(4) [a, 6, c] + [b, c, a] = 0. 

A Ai-linear map a : T — > S between two Lie triple systems T and S is called 
a homomorphism of Lie triple systems if a([a, b, c]) = [a(a), a(b), a(c)] for any 
a, 6, c G T. The category of all Lie triple systems with the morphisms as above is 
denoted by LTS. 

Any Lie algebra L considered with the trilinear product [a, 6, c] = [[a, b],c] is a 
Lie triple system. More generally, any fc-submodulc T of a Lie algebra L, which 
closed under [[ , ], ], is a Lie triple system. Any Lie triple system can be realized 
in this way (see Sect. I2.3|) . 

Since any Lie algebra homomorphism preserves the product [a, 6, c], one has a 
forgetful functor T : LA — > LTS from the category LA of Lie algebras to LTS: 
TL is a Lie algebra L considered as a Lie triple system and Tip : TL — » TK is 
a Lie algebra homomorphism ip : L — » K considered as a homomorphism of triple 
systems. 
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2.2. Universal imbeddings of a Lie triple system. If T is a Lie triple system 
and L is a Lie algebra, then a homomorphism e : T — > TL is called an imbedding 
of the triple system T into the algebra L. An imbedding v : T — > TC7 into a Lie 
algebra {/ is called universal if for every imbedding e : T —> TL there is a unique Lie 
algebra homomorphism tp : U — » L such that the diagram below is commutative. 




It was shown by Jacobson in [12j that for every Lie triple system there exists a 
universal imbedding. Hence, the functor T : LA — ► LTS has a left adjoint. 

Let us recall Jacobson's construction of a universal imbedding. For a Lie triple 
system T let L(T) be a free Lie algebra on a fc-module T with the inclusion map 
l : T — ► L(T) and let I(T) be the ideal of L(T) generated by the elements of the 
form [[i(a), i(b)], t(c)] - t([a, 6, c]) for a, b, c e T. Then the algebra U = L(T)/I(T) 
together with the map i/;sh t(a) + /(T) is a universal imbedding of T. 

The fact that the map v : T — > TJ7 is injective and other properties of {/ follow 
from the next construction. 

2.3. The standard imbedding of a Lie triple system. An endomorphism D £ 
Endfc(T) of a Lie triple system T is said to be a derivation of T if for any a, 6, c G T 

(5) D[a, b, c] = [Da, b, c] + [a, Db, c] + [a, b, Dc}. 

It is easy to check that the set S)er(T) of all derivations of T is a Lie subalgebra of 
End fc (T). 

Setting D a ,bC = [a, 6, c] we obtain an endomorphism D a .b 6 Endfc(T). Iden- 
tity ^ implies that D a \> is a derivation of T . Also, equation ^ can be written in 
the form 

(6) [D,D atb ]=D Datb + D at nb 

which implies that the set 3n0et(T) = span{_D a! {, : a, b e T} is an ideal of the Lie 
algebra S)er(T). The elements of 3n5er(T) are called inner derivations of T. 
The set 6te(T) = JnOer(T) © T with the product 

(7) [X + a, Y + b] = ([X, Y] + D a<b ) + (Xb - Ya), 

where I,y e 3n5er(T) and a, b G T, is a Lie algebra. This algebra together with 
the canonical inclusion T — > 3ni)et(T) © T is called the standard imbedding of the 
Lie triple system T 112) . 

2.4. Z2-gradings. Recall that a Lie algebra L is said to be ^-graded if L is a 
direct sum of a pair of fc-submodules Lq and Li such that [Li,Lj] C for any 
*j j £ Z2 = {0, 1}. The decomposition L = Lq © Li is called a Z2- grading of L. If 
L = Lq(B L\ and = _Ko © iCi are Z2-graded, a homomorphism y> : L — > if is said 
to be graded provided that tp(Li) C if, for any i S Z2. 

It follows immediately from ([7]) that the algebra &te(T) is Z 2 -graded: &te(T) = 
3n5er(T) and 6te(T)x = T. Any universal imbedding ([/, f) of T also possesses a 
Z2-grading. Indeed, the universal properties of (U, v) imply that v(T) generates 
U and hence U — \v(T),v(T)] + v(T). Moreover, since the canonical inclusion 
map l : T — > &te(T) is injective and [t(T),t(T)] n t(T) = 0, we conclude that 
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v : T — ► U is injective and that \v(T), v(T)\ n v(T) = 0. Thus, the decomposition 
U = [v{T), v{T)] © i/(T) is a Z 2 -grading of [/. 

Usually, the algebras 6te(T) and {/ are considered as algebras with period- 
two automorphisms rather than as Z2-graded algebras. We prefer to consider Z 2 - 
gradings because it allows us to maintain a characteristic-free approach. Note also 
that these concepts are equivalent if the base ring k has no 2-torsion. 

3. Alternative construction of universal imbedding 

The aim of this section is to introduce a more explicit construction of the univer- 
sal imbedding. Similar constructions were considered for the Lie algebras graded 
by root systems (see [2], [3], and [5]) and for certain Z-graded algebras (see pQ). 

3.1. Construction of 2l(T). Through the rest of this section we let T be a Lie 
triple system over k. Our first step is to describe a central extension of the algebra 
3n5et(T). 

Since T is a module over the Lie algebra Det(T), the exterior product T AT over 
k is a 2)et(T)-module under the action 

(8) D ■ (a A 6) = Da A 6 + a A Db 

for D E £)er(T) and a.b E T. Moreover, formula {8} and identity (J6j) imply that 
the map A : T AT — > S)er(T) defined by A(aA&) = -D aj {, is a module homomorphism 
from T A T to the adjoint module Set(T) and that Im(A) = 3n5et(T). 

To construct the required central extension we use the following version of [31 
Lemma 5.6]. This version was suggested by J. R. Faulkner. 

Lemma 3.1. Let M be a module over a Lie algebra L and let A : M — > L be an 
L-module homomorphism, i.e., A is a k-linear map such that 

(9) A(i- m) = [I, A(m)] 
for I € L and m £ M . Then 

(i) A(M) — span{A(m) • m : m 6 M} is a submodule of M and 

Im(A) • Kcr(A) C A(M) C Ker(A); 

(ii) t/ie map /i : M/A(M) — > L induced by A is an L-module homomorphism; 

(iii) f/ie quotient module Q — M/A(M) forms a Lie algebra relative to the prod- 
uct 

(10) [p, q] = n{p) ■ q 
for p, q E Q; and 

(iv) Im(A) is a subalgebra of L and fj, : Q — > Im(A) is ite central extension. 

Proof. Linearization of the expression A(m) • m implies that elements of the form 
A(m) • n + X(n) ■ m belong to A(M). Then it follows from © that 

I ■ (A(m) • m) = [I, A(m)] • m + X(m) ■ (I ■ m) = X(l ■ m) ■ m + A(m) • (I ■ m) E A(M) 

for any I £ L and m E M. Hence, A(M) is a submodule of M. By ([9]) one has 
A(A(m) • m) — [A(m),A(m)] = and therefore X(A(M)) = 0. Besides, for any 
A(m) E Im(A) and any n E Ker(A) we have A(m) • n — X(m) ■ n + X(n) ■ m E A(M). 
Thus, (i) is established. The assertion (ii) is immediate. 
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To prove (iii) we note first that 

(11) p(p)-p = and p(p) ■ q + p(q) ■ p = 

for p, q G Q = M/A{M) and hence the product defined by (fT0|) is anticommutative. 
Next, it follows from (ii) and (|1 lj) that 

[[P,q],r] + [[q,r],p] + [[r,p],q] = p(n{p) • q) ■ r + p(fi(q) ■ r) ■ p + (i(fi(r) ■ p) ■ q 

= [m(p)> ■ r - Kp) ■ ' r ) + Kl) ■ -r)=0 

for p,q,r G Q. Thus Q is a Lie algebra. 

Finally, to establish (iv) we note that the equality p(\p, q\) — p(p(p) ■ q) = 
[p,(p),p(q)] follows from (ii) and (flQ]) . Hence, Im(A) = lm(p) is a subalgebra of L 
and p, is a homomorphism. Formula (|10|) implies also that Ker(/i) C Center(Q). 
Thus, p, : Q —> Im(/i) = Im(A) is a central extension. □ 

Let us return to the map A : T A T — > Der(T), A(a Ab) — D a ^. It is easy to see 
that A(T AT) = span{A(ir) ■ x : x G T A T} is spanned by the elements of the form 

(12) D a , b (aAb) 

(13) £ a ,h(cAcO + L> M (aA&) 

for a, b, c, d G T. Note that if A: has no 2-torsion, then (I12p is a special case of (TT5)) . 

We let (T,T) denote the quotient module (TAT)/A(T AT) and let (a, 6) denote 
the coset containing a Ab. Lemma 13. II implies 

Corollary 3.2. The k-module (T,T) is a Lie algebra relative to the product 

(14) [(a, 6), (c, d>] = (U 0i6 c d> + (c, D 0l6 d>. 

Moreover, the map p : (T, T) — * 3nc)er(T') 7 p((a,b)) = D a jj, is a central extension. 

To lift /i : (T,T) -> Jn5er(T) to the extension of &te(T) = 3n0er(T) © T the 
following axillary lemma is useful. Its verification is straightforward and therefore 
is omitted. 

Lemma 3.3. Let M be a module over a Lie algebra L and let { , ) : M A M — * L 
be an L-module homomorphism, i.e., 

(15) [x, (m, n)] = (x ■ m, n) + (m, x ■ n) 
for x G L and m,n G M. Assume also that 

(16) (m, n) ■ k + (n, k) ■ m + (k, m) ■ n = 

for every m,n,k G M . Then the space L®M forms a 1,2-graded Lie algebra relative 
to the product 

[x + rn, y + n] = ([x, y] + (to, n)) + (x ■ n — y ■ m) 
for x,y G L and m, n G M . 

Corollary 3.4. The space 2t(T) = (T,T) ©T with the product 

(17) [X + a, Y + b] = ([X, Y] + (a, b)) + (p(X)a - p(Y)b), 

where X, Y G (T,T) and a,b G T, is a ^-graded Lie algebra. Moreover, the map 
v : 2l(T) — v &te(T), defined by v{X + a) — p{X) +a, is a graded central extension. 
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Proof. First we note that F is a (F, F)-module relative to the representation fj, : 
(F, F) -+ 3nf>et(F) C End fc (F). Besides, JE) follows from ([Til) and Q3J follows 
from ©. 

Finally, comparing 10 and (|17[) one can see that f is a homomorphism. Moreover, 
w is a central extension because \x is. □ 

3.2. Universal property of 21(F). Here we consider T as a subspace of 21(F) = 
(T,T) © F. It follows from (JT7J) that F generates 2l(T). 

Theorem 3.5. For every Lie triple system T the canonical inclusion map lt '■ T — » 
2l(T) = (T, T) ®T is a universal imbedding. 

Proof. Let L be a Lie algebra and let e : T — > TF be an imbedding, i.e., for every 
a, 6, c G F 

(18) e([a,6 ) c]) = [[e(a) > e(6)] l e(c)]. 

We need to construct a Lie algebra homomorphism ip : 21(F) — * L extending e and 
prove that such cp is unique. 

First, we claim that there exists a well-defined map (e, e) : (T, T) — > L such that 

(19) (e,e)((a,6)) = [e(a),e(6)] 

for every a,b £ T. It suffices to show that the fc-submodule A(T A T) of (F, T) 
spanned by the elements (fT3>|) and (fTB]) is in the kernel of the map £ : F A F — > L 
defined by ((a A b) = [e(a), e(b)]. This is indeed the case, since for any a, b, c, d 6 F 
we have 

C([a, 6, a] A 6 + a A [a, 6, 6]) = [e([a, 6, a]), e(6)] + [e(o),e([o, 6, 6])] 
= [[[ £ (a), £ (&)], e (a)], e(6)] + [e(o), [[e(a), e(6)], e(6)]] 
= [[e(a) s e(b)],[e(a), e(b)]] = and 

C([a, b, c] A rf + c A [a, 6, d] + [c, d, a] A b + a A [c, d, b)) 
= [[[s(a), s(b)}, e(c)}, s(d)] + [s(c), [[e(a),e(b)},e(d)}\ + [[[e(c), e(d)}, e(a)\, e(b)} 

+ {s(a),[{e(c),e(d)},s(b)}} 
= [[s(a),e(b)}, [e(c), e(d)}} + [[e(c),e(d)], [e(o),e(6)]] = 0. 

Since F generates the Lie algebra 21(F), the identities (I18|) and (fT9|l imply that 
the map y>, defined by 

(20) tp(X + a) = (e,e)(X) + e(a) 

for X G (F, F) and a G F, is a Lie algebra homomorphism. By construction, 
<^|t = s. Since F generates 21(F), there is only one such homomorphism ip. □ 

4. A CATEGORY OF LlE ALGEBRAS EQUIVALENT TO LTS 

The goal of this section is to determine a category of Lie algebras equivalent to 
LTS. 
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4.1. The functor 21 : LTS — ► LAz 2 . The universal property of 2l(T) guarantees 
the existence of a left adjoint to the forgetful functor T : LA — > LTS discussed 
in Section |2~T1 The functor 21 : LTS — > LA sends every system T to the algebra 
2t(T) and every morphism a : T — > S to the morphism ip : 2l(T) — > 21(5) defined 
by (fl9|) and (|20|) for the imbedding £ = ijoa These formulas imply also that the 
functor 21 is faithful. 

In fact, it is advantageous to consider 21 as a functor to the category LAz 2 of 
^-graded Lie algebras with graded homomorphisms, because as such 21 is both full 
and faithful. Since LAz 2 is a subcategory of LA we use the same notation for the 
functor 21 : LTS — ► LA Za . 

Furthermore, 21 : LTS — ► LA^ 2 has a right adjoint 1Z which can be described 
as follows: for a Z2-graded Lie algebra L = Lq L\ the odd component L\ is a Lie 
triple system relative to the ternary product [a, b, c] — [[a, b], c], so we set 1ZL = L\. 
If ip : L — > K is a graded homomorphism, then the restriction of ip on L\ gives us a 
homomorphism of Lie triple systems which is taken to be IZtp. Theorem 13.51 implies 
that lt ■ T — > 1Z%(T) C 2t(T) is a universal arrow from T to 7?.. For convenience 
of references we restate Theorem l3.5l for Z2-graded algebras. 

Theorem 4.1. Let L = Lq © L\ be a "L^- graded Lie algebra and let T be a Lie 
triple system. For every homomorphism a : T — > L\ there is a unique graded 
homomorphism a : 2l(T) — > L extending a. This homomorphism is defined by the 
formula: 3(X)i(*i>*i) + *) = E l [ a ( t 0) + "(*)■ 

Since 21 : LTS — > LA^ 2 is full and faithful, the category LTS is equivalent 
to the full subcategory of LA^ 2 whose objects are the Lie algebras isomorphic to 
the algebras 2l(T). To give an intrinsic description of this subcategory we need to 
characterize the Lie algebras of the form 2l(T). 

4.2. Central O-extensions. Our first goal is to show that the central extension 
v : 2t(T) — + &te(T) is universal in a certain class of extensions. The model for our 
treatment is the theory of central extensions of perfect Lie algebras (e.g. see [T41 
Sect. 7.9]). Throughout this section all Lie algebras and homomorphisms are as- 
sumed to be Z2-graded. 

A homomorphism tp : K — > L is called a 0- extension of L if <p is surjective 
and Ker(yj) C Kq. Thus an epimorphism <p : K — > L is a central 0-extension 
if Ker((^) C K$ n Center(ii'). Naturally, a central 0-extcnsion v : U — * L is 
termed universal if for every central 0-extension : if — > L there is a unique 
homomorphism ijj : U — > K such that the diagram 




is commutative. It follows that a universal central 0-extension of any Lie algebra 
is defined uniquely up to an isomorphism. 

Theorem 4.2. If a Z,2-graded Lie algebra L is generated by L\, then v : 2l(Li) — > L 
is a universal central 0-extension of L for the map v = (id^) as in Theorem \4-l\ 

Proof. Assume that tp : K — > L is a central 0-extension of L. Since <p is an 
epimorphism and Ker(y) C Kq, the Lie triple system homomorphism Hip : K\ — > 



s 



O. N. SMIRNOV 



L\ is invertiblc. It follows then from Theorem 14.11 that for the map (IZtp)^ 1 : L\ — » 
ifi there exists a unique Lie algebra homomorphism tp : — > if such that 
TZip — (JZtp)" 1 or IZtpolZtjj = id^j. Since IZv = id^, one has IZtpolZtp = TZv. This 
equality implies tp o tp = v since is generated by L±. □ 

Corollary 4.3. If a Z2- graded Lie algebra L is generated by L\ , then L ~ (L\,L\)/I® 
L\ where I is a central ideal of L contained in (L\,L\). 

Corollary 4.4. For every Lie triple system T the algebra QL(T) is a universal 
central O-extension of&te(T). 

Proof. Since 6te(T)i = T, the proof follows. □ 

Remark 4.5. Theorem 14 . 2 1 implies that if L is generated by L\ then any universal 
central O-extension U = Uo © C/j. of L is generated by Z7i. Moreover, L is generated 
by ii if and only if there exists a universal central O-extension U of L such that {7 
is generated by XJ\. Unlike the case with perfect Lie algebras, mere existence of a 
universal central O-extension of L does not necessarily imply that L is generated by 
L\. For example, a non-zero perfect Lie algebra L with the trivial grading L = Lq 
is not generated by L±. However, a universal central extension of L exists and it is 
also a universal central O-extension of L. 

Our next step is to prove a recognition theorem for universal central O-extensions 
similar to 14, Recognition Criterion 7.9.4] for perfect Lie algebras. Here we say 
that a Z 2 -graded Lie algebra L — L Q © L\ is O-centrally closed, if every central 
O-extension of L splits. 

Theorem 4.6. Assume that v : U — > L is a central O-extension of a Lie algebra 
L generated by L\. This extension is universal if and only if U is generated by U\ 
and O-centrally closed. 

Proof. Assume first that v : U — > L is universal. We already mentioned that in 
this case U is generated by U\. 

Let tp : K — » U be a central O-extension of U. Then K' = [K\,K\\ + K\ is 
a graded subalgebra of K, the inclusion map 1! : K' — » K and the composition 
v o tp o i 1 : K' — » L are a graded homomorphisms. We claim that v o tp o il : K' — > L 
is a central O-extension of L. 

The inclusions Ker(t>) C Uq and Kei(tp) C i4T imply that Ker(u o = {k £ 
if : ^(fe) 6 Ker(u)} C {fc e if : <^(fc) g J7 } C if . This together with the 
fact that v o ^ is an epimorphism imply that {v o tp o i!){K\) = L\. Furthermore, 
Lq = [Li,Li] = (v o tp o i'){\K\, K\\) — (v o tp o l')(Kq). Thus, v o tp o i' is an 
epimorphism. 

In addition, Ker(u o tp o t') C if' n ifo C ifg. Moreover, tp(k) G Ker(i;) C 
Center(LT) for every k € Ker(votpoi') and therefore we have [k, K\\ G Ker((^)nifi = 
0. This implies that Ker(u otpoi) C Center (if') justifying our claim that v o tpo l' 
is a central O-extension. 

For this extension there exists a map ip : U —> if' such that [v o tp o J) o ij) = v. 
However, for the extension v : U — > L the identity map idy has the property 
t> o idy = u. So tp o t' oip = idu and therefore J7 is O-centrally closed. 

Conversely, assume that U is generated by Ui and is O-centrally closed. Let 
tp : if — > L be a central O-extension of L. 

To construct a map from U to if we will show that the pullback of tp along 
v is a central O-extension of U. The direct sum of algebras if © U is endowed 
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with a Z2-grading: (K U)i = Ki £7, for i G Z2. It is easy to see that the set 
A = {k + u G if (BU : if{k) = v(u)} is a graded subalgebra of K © £7 and that the 
projections ttk ■ A — » if, 7rR-(fe + u) = fc, and 7T{/ : A — > {/, 7T[/(fc + w) — u, are 
graded epimorphisms. The definition of A implies that 



Note that irjj : A — + U is a central O-extension of {J because Ker(7T(/) = {fc + 6 
K®U : fc G Ker(y>)} C Center(A)nAo. Thus there is a splitting morphism ip : U — > 
^4 with 7T[/ oij) — iAjj . It follows then from (|2ip that </? o (7rj<- o -0) = v o 7r^ o i/j = u. 

To show that itk ip is unique with this property assume that 1/70/1 = for a 
homomorphism [i : U K. One has /x(f) C Ker((/?) C Kq and hence n(U\) = 0. 
It follows that /i = because J7 is generated by [/]_. □ 

Corollary 4.7. ^4 ^-graded Lie algebra L is isomorphic to 2l(T) /or some Lie 
triple system T if and only if L is generated by L\ and is O-centrally closed. 

Proof. If L ~ 2l(T), then L is generated by Li. It follows from Corollary 14.41 and 
Theorem 14.61 that 2l(T) is O-centrally closed. 

Conversely, assume that L is generated by L\ and O-centrally closed. Then the 
central O-extension v : 2t(£i) — > i described in Theorem 14.21 splits. The splitting 
map 9 : L — > 2t(Li) is injective since v o — idr,- 

We claim that is also bijective. Indeed, since = id^ for h,ki G L\ 



in 2l(L) one has {l x ,k x ) = [h,ki] = [^(h^^ivih))] = $([v(h),v(ki)]). Thus, 



Corollary 4.8. The category LTS of Lie triple systems is equivalent to the cat- 
egory of O-centrally closed ^-graded Lie algebras generated by their odd graded 
components. 

4.3. Homological characterization. The condition on extensions in Corollary |4.8l 
has a natural homological characterization which we will find in this section. 

If k is a field of characteristic different from 2, Harris developed a cohomology 
theory for the Lie algebras with involutions and showed that the central extensions 
in this category of algebras are in a bijective correspondence with the elements of 
the second cohomology group which preserve the involution [5] . 

For our purposes we need a graded version of the classical cohomology theory. 
Here we present an adaptation of the classical notions and arguments to the graded 
algebras. Specifically, wc consider a graded version of the second cohomology group 
H 2 (L,M) for a graded module M over a Z2-graded Lie algebra L and its relation 
to the graded central extensions of L. 

Recall that the cohomology groups H*(L, M) of a Lie algebra L with coefficients 
in an L-module M can be defined as the cohomology groups of the Chevalley- 
Eilenberg cochain complex 



(21) 



(f O IT — V O TTJJ. 



L~a(Li). 



□ 



Hom fc (A" J L, M) Hom fc (A" +1 J L, M) 



where the coboundary map 5 is given by (see |14j for details). 



n+l 




(22) 



1=1 



+ 





l<i<j<n+l 
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If L is a Z2-graded algebra and M is a graded module, one can introduce a graded 
version of the complex above. Let GrHomfc(A n L, M) be the set of elements / from 
Honifc(A"L, M) such that f{L ii: L i2 , L in ) C M h+l2+ ,,, +ln for every i x , i 2 , i n G 
Z 2 . It follows from (22) that 5(GrHom/- (A n L, M)) C GrHom fc (A' i+1 L, M). Hence 
one has the complex 

... — ► GrHom fc (A n L,M) GrHom fe (A™ +1 L, M) — ► ... . 

The cohomology groups of this complex are defined to be the cohomology groups 
H* T (L,M) of the graded Lie algebra L with coefficients in the graded module M. 
In fact, each H^ r {L, M) can be identified with a subgroup of H n (L, M). 

Theorem 4.9. If for a ^-graded algebra L = Lq © L± every central 0-extension 
splits, then H% r (L, M) = for every trivial module M such that Mi = 0. 
Moreover, if Lq is a projective k-module, then the converse is true. 

Proof. Assume that every central 0-extension of L splits, M is a trivial L-module, 
and Mi = 0. 

It is well known that any 2-cocycle a S Z 2 (L,M) defines a central extension 
tp : L x CT M — > L. The algebra L k ct M is the direct sum of /c-modules L © M with 
the product 

(23) [x + m,y + n] = [x,y] + a(x,y) 

for x + m,y + n E L © M; and tp : x + m i— ► x is the projection map. 

It is easy to see that if a 6 Z^(L, M), then the decomposition L K a M = 
(L ©M )ffiLi is a Z 2 -grading and therefore </? is a 0-extension. By our assumption 
there exists a splitting homomorphism r : L — > L tx CT M, that is r(a;) = x + tm(s) 
for some linear map tm : L — > M. It follows from (23)) that for every x.y E L 

[x,y} + T M ([x ) y]) =r([x,y}) = [t(x),t(?/)] = [a; + tm^), y + tm(j/)] 

= [a, 2/] + o-(x,y). 

Thus cr(x, y) = t m ([x, y]) for any a 6 Z^ r (L, M) and therefore H^ r (L, M) = 0. 

Assume now that L is a projective fc-module and that H 2 V {L, M) = for every 
trivial module M such that Mi = 0. Let </? : X — > L be a central 0-extension of L. 
Since Ker(cp) C K and Lq is projective there is a linear map 77 : L — > A" such that 
?/ preserves the grading and tp o r\ = id^ . 

We consider Ker(y>) as a trivial L-module with the grading Kei(tp) = Kei(ip)o. It 
is known that the map a : LxL — > Ker(<y9) defined by y) = [r?(x), 7y(y)] — rj([x, y]) 
is a 2-cocycle. Moreover, for every Xi £ Li and yj G Lj we have a{xi,yj) = 
[V(xi),r)(yj)\ ~ v([xi,Vj]) C Mn A i+j C M i+i . Hence, <r e Z g 2 r (L, Kerfa)). 

Since iL? r (L, Ker(tp)) = 0, there is a linear map r : L — > Ker(y>) such that 
<j(x,y) = r([x,y}). Then the map = 77 + t is a Lie algebra homomorphism 
tfj : L — > A. Indeed, 

V'0, 2/])) = »?([a;, 2/]) + j/]) = [r}(x), 77(7/)] = [57(0;) + T(x),r)(y) + r(y)] 

= bP(x),ip(y)]- 

Besides, tp.oip = idi, since tp o r = 0. Thus ^ is a splitting map for tp. □ 
Remark 4.10. Theorem 14.91 and Corollary |4.8l furnish a proof for Theorem A. 
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5. Lie groups with involution and symmetric spaces 

In conclusion we show that the imbedding of Lie triple systems into graded Lie 
algebras, described in Theorem A, can be lifted to an imbedding of symmetric 
spaces to Lie groups with involution. 

To this end we consider the category LG CT of Lie groups with involution. An 
object of LG CT is a pair (G, o~q) where G is a real Lie group and <jq is an involutivc 
automorphism of G, called an involution for short. We often write a for uq , 
when no confusion can arise. A morphism from (G, o~a) to (ff, an) is a Lie group 
homomorphism tp : G — ► H such that ip o <jq = an ° <p. 

Let O be the functor that sends a Lie group G to its Lie algebra g = SG. Then for 
every object (G, a) from LG" the involutive automorphism da of the Lie algebra 
g = t)G defines a Z2-grading g = go © g\ where gi = {x G g : x D<T = (— l) l x}. 
Moreover, it is easy to see that d can be considered as a functor from LG CT to the 
category of real Z2-graded Lie algebras LAz 2 . 

Next, we recall that a real manifold M is termed a symmetric space if for any 
x G M there is a differentiable map S x : M — > M such that 

(i) 5^ = id M , 

(ii) S x S y S x = Ss xV for any y <E M, and 

(iii) a; is an isolated fixed point of S x . 

The tangent space T p (_M) at a point p is a Lie triple system under the product 
[X, Y, Z] = R(X, Y)Z where R : M ® M -»• M is the curvature tensor of M. In 
fact, the map (M,p) 1— > T P (M) rises to a functor Di ts from the category SymSp ( - p - ) 
of pointed symmetric spaces to the category LTS of Lie triple systems. 

On the other hand, for an object (G, a) from LG CT the space of symmetric el- 
ements G,j = {ga(g)~ 1 : g G G} forms a symmetric space under the operation 
Sx(y) — xy~ 1 x. Furthermore, the restriction of any morphism tp : (G, ao) — * 
(H,an) gives a morphism p\g„ '■ {G a ,eG) — > (H a ,eii) of pointed symmetric sym- 
metric spaces where ec and eu are the identity elements of G and H respectively. 
The functor thus obtained is denoted by S. 

These three functors together with the forgetful functor 1Z : LA^ 2 — ► LTS 
introduced in 14.11 form the following diagram 

LG CT — ^ SymSp (p) 
a aits 
LA Za — LTS 

which is commutative by Proposition IV. 4. 4 from 13J. 

To invert the vertical arrows in this diagram one has to restrict them to ap- 
propriate subcategories. Namely, provides an equivalence between the category 
LG£ SC of connected simply connected Lie groups with involution and the category 
LA^ of finite-dimensional graded Lie algebras; while Hits furnishes the equivalence 
between the category SymSp^ of connected simply connected symmetric spaces 
with base point and the category LTS fd of finite-dimensional Lie triple systems [T3l 
Theorem 11.4.12]. 
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It follows from Theorem A that the functor 21 is an imbedding of LTS fd into 
LA^ d , so composing 21 with appropriate vertical arrows we obtain a commutative 
diagram 

LG^^SymSp^ 



LAg -r-g-^ LTS fd 

a 

where <S is an imbedding of SymSp^ into LG£ SC . A description of the image of 
<3 will follow from 

Lemma 5.1. Let (G, a) be a connected Lie group with involution and let g = ga®gx 
be the corresponding ^-graded Lie algebra. The group G is generated by G a if and 
only if the algebra g is generated by g\ . 

Proof. If g is generated by gi, then it follows from [13l Lemma 1.3.2] that G is 
generated by {exp(a;) : x £ gi}. Besides, exp(x) = exp(^x)a(exp(^x))^ 1 G G a for 
any x G g±. So, G is generated by G a . 

To prove the converse we consider the subalgebra h generated by g\ . It is easy to 
see that h is an ideal, so the connected subgroup H corresponding to h is normal. 
It suffices to prove that H contains G CT . 

There exists a neighborhood U of in g, which is diffeomorphic to a neighborhood 
V of identity in G via the exponential map exp : g — > G. Also, there exists a 
neighborhood U C U of such that for W = exp({7) one has WW C V, W' 1 C W, 
and W a C W. 

Since W is a neighborhood of the identity, G is generated by W = exp([7). Thus 
an arbitrary element X = Ya(Y)^ 1 e G a can be represented as 

(24) X = exp(a;i)...exp(x„)exp(-a;° ,T )...exp(-^ ,T ) 

where each xi £ U . We use the induction on n to prove that X E H. 

For n=l, exp(a;i) exp(-Xi CT ) G WVfW) -1 C V and hence exp(xi) exp(-Xi cr ) = 
exp(y) for some y E U. Moreover, exp(y i " 7 ) — cr(exp(y)) = cr(exp(xi) exp(— x° <T )) = 
(exp(a;i) exp(— xj cr )) _1 = cxp(— y). It follows that y G <7i and exp(zi) exp(— xj cr ) = 
exp(y) G i?. 

Now we consider (|2"4")1 for an arbitrary n. We have established that exp(a;„) exp(— x 
exp(z) G H. Consequently, 

X = exp(xi)... exp(x n ) exp(-x^)... exp(— xl' 7 ) 
= exp(xi)... exp(x„_i) exp(-a:'l 1 )... exp(-xl a ) 
(exp(-x^ 1 )...exp(-a ; ^))" 1 exp(z) (exp(-x^ 1 )... exp(-x? CT ))] G H. 
due to the inductive step and the fact that H is normal. □ 

According to the classical result by Chevaley and Eilenberg the cohomology 
groups H* nv (G) of a Lie group G obtained using the left invariant forms can be 
identified with the cohomology groups of the corresponding Lie algebra g = dG. 
Via this identification we can define the cohomology groups of (G,cr) to be H*{g) 
for the grading of g determined by da. Moreover, since the base ring considered 
here is a field of characteristic and the vector spaces are finite dimensional, the 
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condition (ii) of Theorem A is equivalent to H* r (g) = 0. Therefore Theorem A and 
the lemma above imply Theorem B. 

Acknowledgement. I am indebted to John R. Faulkner who brought my attention 
to the class of Lie triple systems. 
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